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Abstract 

Relying on Dirac neutrinos allows an infinity of anomaly-free discrete gauge symmetries to be im- 



. posed on the Supersymmetric Standard Model, some of which are GUT-compatible. 

^ ; A few introductory words 

Dirac neutrinos have not (yet) been ruled out by experiment, see e.g. Ref. ^j. Provided a satisfactory 
k>( I explanation for the smallness of their masses, see e.g. Refs. [11[31I31[51[51[71[H1[S1 UHl E], they are an 

; I ' interesting alternative to the standard Majorana picture, in particular concerning cosmological aspects, 

see e.g. Refs. jT2l [111 [lH [151 [TBI [17] • For Dirac neutrinos, renornialization group effects have been studied 
in Ref. |18| , and the possibility of having zero textures in the mass matrix of Dirac neutrinos has been 
considered in Ref. T^. 

It is the purpose of this letter to draw the attention to yet another of their features: We will show 
that the assumption of Dirac rather than Majorana neutrino masses is consistent with infinitely many 
mutually non-equivalent discrete gauge symmetries (DGSs). They are so-called anomaly-free, and can 
be imposed on the Supersymmetric Standard Model (SSM) to forbid unwanted, e.g. proton endangering, 
operators. The possibilities thus far, namely baryon triality (B^), recently introduced proton hexality (Pg) 
and well-known matter parity (Afp), of. Refs. [IHldlllHIj are based on Majorana neutrino masses. 

The content is as follows. In Sect. [1] and Appendix [X] we review Abelian discrete symmetries; in 
Sect.[5]and Apps. [BlCIDIEI we describe how DGSs emerge from a high energy theory. Sect. [3] constitutes 
the main part of this text, determining the anomaly-free DGSs which rely on Dirac neutrinos. Sect. [4] 
discusses the physical implications of the various newly-found DGSs; Sect. together with Appendix [Fl 
analyzes whether the corresponding discrete charges are compatible with unification. In Sect. [BJ as an 
example, we present toy models of how Z4-DGSS might arise. Sect. [7| concludes. 

*E-mail: luhnOphys. ufl.edu 

t E-mail: thorOth . physik . uni-bonn . de 
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1 Discrete symmetries 



Thus far no processes which are lepton and/or baryon number violating have been observed, which is why 
the corresponding renormahzable and non-renormahzable operators in the Lagrangian density ^ have 
to be either strongly suppressed or absent altogether^ The latter can be readily obtained by relying on 
a discrete symmetry (DS): One demands S£ to be invariant under a discrete transformation of the fields, 
Lp — > • if. In case the DS is a ^Ar-symmetry, with TV G {2,3, ...}, this reads = eT^-^f ^ with 

z^p e {0, ...,iV— 1}. Z2-symmetries are commonly labeled "parities", Grossman and Haber [57] coined 
the word "triality" for a Za-symmetry, and in Ref. [2^ Zg-symmetries were called "hexalities" . We will 
encounter further "7V-alities" later on. Of course, one can also have DSs which are not Zjy-symmetries (or 
direct products thereof), which means that they are non-Abelian. In the following, we will not concern 
ourselves with such non-Abelian DSs. 

Assuming the existence of all Standard Model (SM) gauge invariant operators in the renormahzable 
and matter parity conserving superpotential (for notation see belo-w0) 

#MSSM = h'^QHdD + h^QHjJ + h'LHdE + fiHaHu , (1.1) 

generation-independent Zjv-symmetries can be classified |21) according to which renormahzable lepton 
number (niopton) and/or quark number (riquark) violating operators are forbidden: Allowing for the niopton- 
violating operator QLD automatically allows the existence of LLE and LH^ from the DS point of view, 
see Eq. (lA.ll) . Similarly, forbidding one of these three terms automatically forbids all; such a statement 
applies to non-renormalizable operators as well. So the (non-)existence of one operator is accompanied 
by the (non-)existence of a whole set of operators. Hence, concerning all lepton and/or baryon number 
violating operators up to dimension five |23 HBl 129, 20\ we find schematically, see Appendix \^ 

QLD ^QLD, LLE, LH^, QUEHd, 

LHuHdHu, QUL\ EHdHj, UED^j , 

UDD ^ \UDD, QQQHd, QQD^} , (1.2) 

QQQL ^ {qQQL, UUDE'j , 

LHuLHu <J=4> ^LHuLHy^ . 

The terms on the left-hand side should be viewed as representatives for the complete set on the right-hand 
side. [Lines 1, 3 and 4 will be extended in Eq. (|4.ip .] The representatives of the first two lines were used 
by Ibanez and Ross, see Ref. [21], to classify the DSs in terms of the operators QLD and UDD, see also 
Table [TJ 

• A symmetry forbidding both operators is called a matter N-ality or generalized matter parity. 



• If only UDD is forbidden we speak of a baryon N-ality {generalized baryon parity). 

• Forbidding only QLD yields a lepton N-ality [generalized lepton parity). 

• Allowing both operators is compatible only with a Z^v-symmetry where the discrete charges are 
proportional to the hyperchargeo z,,, oc Y,, mod A^. Such a DS is trivial. 

One can already see that no lepton or baryon iV-ality is compatible with a Georgi-Glashow SU{5), in 
which QLD and UDD both originate from a 10 5 5. Likewise proton hexality Pq [22] is incompatible with 
SU{5) as it allows QUQD but forbids QQQL, whereas both these operators come from a 10 10 10 5. 



'^For instance, the renormalizable superpotential operators QLD and UDD together cause rapid proton decay if neither 
of them is very strongly suppressed. But also e.g. QQQL, though non-renormalizable and thus suppressed by presumably 
the gravitational scale, may cause havoc to the proton. So one needs help from e.g. family symmetries, see for instance 
Refs. [23l[24ll25ll26) . 

^Q, D, U, L, E, Hd and Hu are the left-chiral superfields of the left-handed quark doublets, d-type and M-type antiquark 
singlets, left-handed lepton doublets, antilepton singlets and the two Higgs doublets, respectively; the /i " denote Yukawa 
matrices. 5f7(3)c, SU{2)tjv and generational indices are suppressed. 

^Solving ZQ -\- ZH^ -\-z-^ = 0, ZQ-\- zh^ -\-Zjj = Q, zl + zh^ +2-^ = 0, zh^ + 2h„ =0, zq-\- zl + z-^ = and 2-j^ + 22-^ = 
gives that z... oc Y , mod N. 



2 





^ UDD 


3 UDD 


^ QLD 


matter A^-alities, e.g. Mp, Pq 


lepton A^-alities, e.g. Lp 


3 QLD 


baryon A^-alities, e.g. Bp, B3 


no DS at all 



Table 1: The classification of different ZAr-symmetries a la Ibafiez and Ross, of. Ref. 21]. For notations 
like Mp, Pq, etc. see Tabled 

The best-known example for a Z2-symnietry is _R-parity (Rp) The discrete charge z!^'' for a 

field if is given by z^'' — 7T,quark(v') + "■icpton(<y5) + 2- s{ip), s being the spin. Rp is defined for fields 
rather than superfields, providing a useful tool to classify whether a particle is part of the (2Higgs-)SM 
or whether it is a superpartner of one of these, i.e. whether it has a supersymmetric motivation. If 
one demands invariance of the Lagrangian density .if under Rp (^a^), all lepton and baryon number 
violating renormalizable operators are forbidden. 

Rp can be modified to R'^'^^ [351 [33] which acts on whole superfields (rather than fields): z^'' = 
JT-quarkl^) + '^iopton(^), Constraining the super- and Kahler potential such that the result is ^r^. Other ex- 
amples of Z2-symmetries are baryon parity. Bp, z^'' = nquark(^), and lepton parity, Lp, z^'' — niopton(^^)- 
Table [2| summarizes these common DSs together with the ones found in ^1] and [22] . The primed DSs 
are obtained from the unprimed by so-called "hypercharge-shifts" , see Items fTOI17l in Sect. [2] as well as 
Ref. [12]- The constraining effects of each of {Bp, Bp'} are identical, likewise for {Lp,Lp}, {Mp,R^p^^} 
[even though e.g. i?™^^ is compatible with S'O(IO) whereas Mp is only Pati-Salam compatible, see Sec- 
tion [S], {iJs, Ba', Ba"} and {P^,Pq , ...,Pq""'}. Examining the consequences of the Pg-symmetries, we 
find that they are very restrictive; as was proposed in Ref. [52]: "Pe is the DS of the MSSM" if one relies 
on Majorana neutrinos. 

2 Discrete gauge symmetries 

It can be argued that global DSs are violated by quantum gravitational effects [31], which at first sight 
renders the use of DSs impractical. There is however a loop-hole: If the DS is a so-called DgaugeS 
(DGS), i.e if it is the remnant/residual/left-over of a spontaneously broken local gauge symmetry, then 
no wormholes etc. screw up its performance [35[ 136] . The underlying "mother symmetry" of course must 
not cause trouble with anomalies, from which follows that not every DS is automatically feasible; for 
instance, as we will see in Sect. [31 Bp, Bp , Lp and Lp of Table [5] cannot originate from an anomaly-free 
high-energy C/(l) symmetry. 

In what follows we shall in a top-down fashion describe how DSs arise from a local gauge symmetry 
at high energies, listing step-by-step which transformations are performed and/or which assumptions are 
made, to finally arrive at the discrete anomaly equations which are the starting point of Sect. [3] We try 
to stay as general as possible as long as possible. 

Though the local gauge symmetry could in principle be Abelian or non-Abelian, R- or non-i?, for the 
rest of this paper, we shall consider a single non-i? local U{1) gauge group. Hence we restrict our DGSs 
to be Zjv-symmetries. 

Hasty readers who are familiar with this subject may want to jump ahead directly to the next section, 
assuming a non-anomalous "mother" U{l)x, no SM-singlets except the U {1) x -breaking superfields with 
X -charge N and three generations of right-handed neutrinos, all X -charges being integer numbers, the 
discrete charges of the MSSM superfields and the neutrinos being generation-independent, all SM-charged 
matter which is beyond the MSSM being heavy. 

We start with an SU{3)c x SU{2)w x C/(l)y x [/(l)x'-invariant quantum field theory supposedly 
coming from a string; t/(l)y is not yet to be identified with the SM-hypercharge, because for the sake 
of generality we take both C/(l)-factors to be possibly anomalous at first. Of course, if instead one starts 
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^quark 
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barvon iV-alitv. 
anomalous 
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barvon iV-alitv, 
anomalous 
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Icpton A^-alitv, 
anomalous 
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lepton A^-ality, 
anomalous 
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matter A^-ality, 
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matter A^-ality, 
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baryon iV-ality 
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baryon iV-ality 
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baryon iV-ality 


Pe 
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matter A^-ality, 
same as Mp x 
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3 
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matter A'^-ality, 
same as Mp x B^" 


Pe" 
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matter A'^-ality, 
same as Mp x B3' 




n 




3 
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1 
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2 


matter A^-ality, 
same as Mp x 
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matter A^-ality, 
same as Mp x B-^" 


Pe'"" 
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3 


5 


1 


1 


4 


2 


matter A^-ality, 
same as Mp x B^' 



Table 2: Common DSs. The first line gives the hypercharges of the superfields Q, D etc.; the second and 
the third lines list the corresponding quark and lepton number; the other lines show the discrete charges 
of the superfields under various DSs. 

e.g. with an SU{5) x [/(l)x' -invariant theory, some of the following points are obviously rendered moot, 
and other blatant steps [like the breaking of SU{5)] have to be introduced at obvious places. Up to 
short summaries of the corresponding points, we have relegated the first seven steps in which the Kahler 
potential is canonicalized, the dilaton acquires a VEV and the anomaly is rotated into the U{l)x alone 
to Appendix [B] 

1. The Kac- Moody matrix of the two U{1) factors is taken to be positive-definite. 

2. The Kac- Moody matrix is diagonalized. 

3. The effects of the U{l)x x U{1)y transformations are discussed: anomalies and the dilaton- 
originated Green-Schwarz shift. 

4. The two above-mentioned effects mutually cancel. 

5. The dilaton acquires a VEV, generating Fayet-Iliopoulos as well as kinetic gauge terms. 

6. The kinetic gauge terms are canonicalized. 
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7. We rotate such that aU Fayet-Ihopoulos terms are condensed m just one of the U{1) factors. 



One demands that some left-chiral superfields Ai (not to be confused with the anomaly coefficients 
Aabc = Trace[{r'^, T''} • T=], the T's being the gauge group generators) and Qj are SM-uncharged 
but X-charged. The scalar components of the Ai shall later acquire vacuum expectation values 
(VEVs) and thus play the role of Higgs fields for the U{l)x', if U{l)x is generation-dependent, the 
Ai are sometimes called flavons. The ilj on the other hand denote all other SM-singlets like e.g. a 
right-handed neutrino J7. 

Next, one requires for the F-charges that Yq + Yh^ + % = + + % = + + 1% = 0. 
This, together with the vanishing of the anomaly coefficients Accy, Awwy, Aggy and the as- 
sumption that all SM-charged matter beyond the MSSM is vectorlike, allows one to identify U{1)y 
with the hypercharge, its values given in Table [21 Note that if a set of X-charges Xi gives a certain 
value for the overall X-charge of a F- invariant operator, then the set Xi + aYi, with a G R, con- 
stitutes the same value. The replacement Xi ^ Xi + aYi is the so-called Y- or hypercharge-shift, 
parameterized by Evidently, terms which are C/(l)y-allowed and f7(l)x-forbidden/allowed are 
also forbidden/allowed after a F-shift of the X-charges. Also the four linear anomalies Accx, 
Awwx, Ayyx, Aggx [cf. Eq. (IB.SP ] remain invariant under this shift, whereas 

Axxx -> Axxx + Gir^a^kyXs , Ayxx Ayxx + '^ir'^akyXs . (2.1) 



Here, ky is the Kac-Moody level of U{l)y, and Xs is a real parameter introduced in Eq. (IB.4p . 
Only il Xs = 0, all anomaly coefficients involving U{\)x are invariant under F-shifts. In this case, 
due to the Green-Schwarz anomaly cancellation condition of Eq. (jB.8|l . U{l)x is non- anomalous. 
Therefore, starting with an anomaly-free t/(l)x, the equations which constrain the remnant Zjv- 
symmetry in Sect. [3] are not changed by F-shifts. For an example of models related by a F-shift 
see Sect. [6] 

10. One postulates: With two sets of integers n^, n' j fulfiUing '^^i'^i^i — J2j''^'jYj — 0, all ^'n'^. , 
i.e. all ratios of X-charges of terms which are F-invariant, are rational numbers. Moreover, instead 
of making this operator- wise requirement, we demand in a field- wise fashion that the X-charges are 
such that all Xi/Xj are rational numbers (charge quantization). If Xs = 0, this more restrictive 
requirement could be weakened to demanding that there is a F-shift relating the original set of 
X-charges to another set for which all Xi/Xj are rational numbers; for simplicity we shall not stick 
to this option. 

11. The previous Item allows to rescale the X-charges such that they all take their smallest possible 
integer values. 

12. With (Pk now denoting any superfield which is not an Ai (see Item|8]), any super- or Kahler poten- 
tial term T composed of fcmax different species of superfields which is SU{3)c x SU{2)w x U{l)y 
invariant can be written in the form T = f^^"*^ • <p2^*'^ • ... ■ ^fcmax"*''"'"' : the n... being integer num- 
bers, denoting how often the corresponding superfield appears in the term; note that means 
"(^t'\ However, it is by far not guaranteed that n<fj • X,p^ + • X,f..^ + ... + n^^.^^^ ■ ^■Pkra-.i^ = 0- 
But suppose that the excess X-charge can be compensated by several powers of the superfield Ai. 
In this case f = Ar("*i'^*i + "*2'^*2+- +«ffc„,,,-^*fc.„,J/^Ai . ;7(i)^_invariant. If there are 
several Aj with different X-charges, it is for the purposes in this paper useful to work with an "effec- 
tive ^" or "reduced A" which we will label 2t. Taking into account the Giudice-Masiero/Kim-Nilles 
mechanism [38l [39] , its X-charge is the greatest common divisor of the X-charges of all the Aj , see 
Appendix [Cl T then generalizes to 

^~(n0^-X^^ + n.i,^-X.p^+...+ n0^^^^^-X.i,^^^^)/X^ ^ • <?2"*^ • • ■ • ' ^^fe "*''max . (2.2) 



*It is important to note that y-shifted X-charges represent different higfi energy physics. Examples are a) cross sections 
depend cxpHcitly on charges, b) one set of Jf-charges may be SO(IO) compatible, unlike its y-shifted set, see Item [iTl as 
well as Section |5] with the parameter r, and c) the beta-function of gx is Trace [X^] -dependent and is thus sensitive to 
y-shifts, see e.g. Ref. I37| . 
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As an example, consider Xa^ — vTS, — |\/l3, = ^a/IS and Xqi = -g-s/TS, Xh^ — j^\/T3, 
XjyY = f as a starting point. Then rescale the X-charges such that all fields have integer 
charges, thus multiply by 2 • 3 • S/VTS, arriving at Xai = 2 • 3 • 5 = 30, Xa2 = 3 • 5 • 7 = 105, 
Xas = 2 • 5 • 7 = 70 and Xqi = 6, Xh^ — 2, Xjyr — 12. The greatest common divisor of the ^1,2,3 
is thus 5, so \X<^\ = 5 (so e.g. 21 — A2Ai^ A-^^). Therefore, as we will argue later on, one arrives at 
a Zs-symmetry with zqi = 1, z-^j- = z^^ = 2. For another example see Appendix [El 

13. There is however an important caveat to Eq. (|2.2p . As the Hamiltonian density necessarily is a 
polynomial of fields [301 [H], in order to satisfy the cluster decomposition principle (CDP) [32]) *-e- 
distant experiments have uncorrelated results, one may only have integer exponents of the fields. 
This then translates to the requirement that every super- and Kahler potential term may contain 
only integer powers of the superfields, dictating that n,f ^ • X^-^ + n^^ ' ^3>2 + ■■• + "<ffc„,ax ' ''^^fcmax 
an integer multiple of A"g, otherwise the whole term is forbidden. 

14. The Ai and thus also 2t acquire VEVs, so U{l)x is broken. It must be ensured at all costs that those 
terms which are (phenomenologically) desired have X-charges which are integer multiples of 

In such a case, the operator in Eq. ^ produces (a)"^"*i -^*i + "*'2 -^*"-^+- +"*'=max-^*fc„ax)/'^« . T. 
On the other hand, terms which are undesired (like e.g. baryon number violating operators) might 
be assigned an overall X-charge which is not an integer multiple of Xs^ so that the exponent 
of 2t is fractional and the whole term thus forbidden. Therefore not all SM-invariant terms are 
necessarily generated, because the corresponding "mother terms" might be forbidden due to the 
CDP's persistent constraints. These omissions are what one calls "forbidden due to a DGS", the 
DGS being the remnant/residual/left- over of a spontaneously broken local gauge symmetry. If a 
super- or Kahler potential term is forbidden, then the |Xg|*'' power of this term is allowed for sure. 
This reasoning is precisely the same as the one which we reviewed in the beginning of Sect, [l] see 
also Eq. ([231) . 

To parameterize the possible deviation of • X^-^ + n^^ ' ^<?>2 + •■• + '^<?fc„^^ ' ^^k^ax from being 
an integer multiple of lATgl, one introduces the following decomposition of the X-charges 

X^,^ = m^^ ■ |Xg| -I- z^. . (2.3) 

m<g^ and the discrete charge z,i,. are both integer, the latter being restricted to {0, 1, |Xg| — 1}. 
So if the sum of the z... of several superfields does not produce an integer multiple of Xg, the 
corresponding term is not allowed; we have a Zij^^^i -symmetry. In the following we are going to 
work with the standard notation: 

|Xa| = N . 

The N above however might not yet be the one showing up in ^^Ijn"'- Suppose that N — 24, 
then the superfields suggest a Z24-symmetry. But it might well be that for all SM gauge invariant 
operators the overall discrete charges are even, so that rescaling at the operator level effectively 
yields a Zi2-symmetry. 

15. We demand that the X-charges of the superpotential terms Q^HdD^ and Q^HuU^ G {1,2,3}) 
are integer multiples of N. Otherwise the corresponding Yukawa coupling constants would contain 
zero-entries due to the CDP, which would translate to unobserved zero-entries in the Cabibbo- 
Kobayashi-Maskawa (CKM) matrix. So we find that the discrete charges of the quarks have to 
be generation-independent, although the original X-charges might well be generation-dependent: 
rriQi ^ rriQj but Zgi = zgj = zq, see Eq. (I2.3p . In other words, discrete quark charges are 
family-universal. 

16. For simplicity, we demand the same for the leptonsH With only generation-independent discrete 
charges and the requirement that the three SSM Yukawa couplings are allowed by the discrete 

^If one relies on Dirac neutrinos or a see-saw, the same arguments as in Item llSl applv. with the Maki-Nakagawa-Sakata 
matrix 43 replacing the CKM matrix. One way to avoid this conclusion is the generation of (Majorana) neutrino masses 
from loop-effects, see Ref. |44| . 
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symmetry, i.e. 



ZQ 



ZH„ 



mod N 
mod N 



(2.4) 



zl + ZHa + z-p = mod N 



the total discrete charge of any gauge-invariant term in the 21+SSM sector can be expressed as, see 
also Refs. [HllilllB], 

^total = {Zjj + Z-^+ Z-^) ■ Z + (ZQ + ZL + z-^) ■ 7L 

+ (zH, +zhJ -Z + A^-Z , (2.5) 

with Z representing an integer number. This result motivates the classification of the Zjy-symmetries 
in Table n 

17. We now add the three right-handed neutrinos A/" to the theory, additionally requiring that the 
Yukawa terms LHjsf are allowed by the DGS, 



Zl + zh^ + z- 



'M 



mod iV 



(2.6) 



Solving the four equations of Eqs. (|2.4l2.6p with eight unknowns, we can express the z in terms of 



the four parameters m, n,p, r € {0, 1, 
but not HdHu). 



, N- 1} (so QHdD, QHuU, LHdE, and LHuM are required, 



ZQ 

ZL 
ZH, 



-n — p ~ 
-m + n 



3r , 
-3r , 



2r , 
m + p + 6r , 
- m + 3r . 



zjy = m — n 



ZH^ 



zjj = — m 
= -m - 



- 4r , 
n + p 



(2.7) 



The coefficient of r is proportional to the hypercharge of the corresponding particle (see Tabled; 
hence r is the discrete version of the y-shift-parameter a in Item (S) Choosing r = 0, we recover 
the same parameterization of discrete symmetries as in Ref. [51], here generalized to include the 
right-handed neutrinos. 

18. The X-charges decompose according to Eq. (|2.3p . Using Eq. (|2.7p . we can rewrite the Green-Schwarz 
anomaly cancellation conditions in terms of the discrete parameters m, n,p, r. For instance, for the 
anomaly Accx we obtain, see Eqs. (|B.6IB.8|) . 



1 

2k^' 



Nf 



(2.8) 



with Nf denoting the number of generations. This, however, does not specify everything, since we 
have not yet dealt with beyond-MSSM matter. 

19. In the following, we list our assumptions about SM-charged matter which is not part of the MSSM: 

• C-charged matter: There may be no massless colored particles, as these would have been seen 
already by experiment. What can in principle occur is colored matter in vectorlike pairs which 
is too heavy to have been detected so far. After U{l)x breaking, the corresponding mass 
terms must therefore be Zjy-invariant. 

• VF-charged matter: As for colored particles. 

• y-chargcd matter: We distinguish the following mutually independent cases, elucidated below 





y-charge is normal 
or large compared 
to SM y-charges. 


y-charge is tiny 
compared to 
SM y-charges. 


Beyond- SM matter is heavy. 


(a) o.k. 


... renders Ayyx and 
Ayxx useless 


Beyond-SM matter is light 
but not massless. 


, not observed 
by experiment 


renders Ayyx and 
Ayxx useless 


Beyond-SM matter is massless. 


, s not observed 
by experiment 


renders Ayyx, Ayxx 
and Aggx useless 
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(a) Just like before, heavy particles with reasonable F-charges are acceptable. 
(b,d) Heavy or light-but-not-massless particles with tiny F-charges cannot be ruled out. The 
presence of such particles spoils the predictability of Ayyx and Ayxx , which is why we 
shall not use these two constraints; for more details see Sect. 4 of Ref. 22\. 
(c,e) There may be no light or even massless particles with a reasonable, i.e. not too small, 
hypcrcharge, as these would have been seen already by experiment, 
(f) In principle, one could also have massless particles with tiny (experimentally yet unde- 
tectable) hypercharges. Then, however, a systematic analysis of the discrete anomaly 
condition would not be possible. Hence, we demand such particles to be absent. 

With these assumptions Eq. (|2.8|) reads 

-Nf -n + N -Z = 4:71^ Xs kc , (2.9) 
Z symbolizing an integer number. A similar relation is obtained for Awwx- 

20. We demand unification of the three MSSM gauge coupling constants. That is, adopting the hyper- 
charge normalization = i, we require that the Kac-Moody levels are related by kc = kw = f fcy, 
see Eq. ((BlO)) . 

21. We demand the U{l)x to be anomaly-free, i.e. Xs — 0. (This makes Item superfluous . ) 

22. The only massless i7-type particles (see Item [8]) we shall admit are right-handed neutrino super- 
fields AT, i. e. particles whose discrete charge is such that their trilinear coupling to LH^ is allowed, 
c/. Eq. (|2.6p . Massive Sis can be assumed as well without spoiling the analysis in Sect. [3] Other 
types of particles are classified in Appendix [Dl In the language of Appendix [Dl we shall deal with 
"Case 3" , which has the term LHuLHu not allowed, thus wc will not have to deal with pscudo-Dirac 
neutrinos. Having constrained the SM-singlet particle content, the calculation of the gravitational 
anomaly Aggx becomes feasible, as well. Now, Eq. (|2.9p and Item together with the equivalent 
relations for Awwx and Aggx lead to the starting point of our investigation in the next section: 

-Nf-n + N-Z = 0, (2.10) 

-Nf ■{n+p)+NH -n + N -Z = 0, (2.11) 

N 

~Nf{bn+p-ra-C,jf} + 2NH-n + N-Z + ri — -Z = 0. (2.12) 

Nh is the number of pairs of Higgs doublets. = 0, 1 for N — odd, even; furthermore, Qjj- = in a 
theory without light right-handed neutrinos and C,jj = — rn + ri +p if there are N f generations of A/". 
Note that the r-dependence drops out since the linear anomalies are invariants under K-shifts, see 
Itemil 

23. Finally we integrate out heavy degrees of freedom, including the heavy U{l)x gauge boson. This 
might cause a rescaling of the discrete charges, for the MSSM sector could have a discrete symmetry 
which is a subgroup of the overall ^Ar-symmetry. Consider again the example of a Z24. Suppose 
that all MSSM superfields have even discrete charges, but some heavy particles have z — 1. Then, 
the Z24 cannot be rescaled to a Z12 like in the example at the end of Item[T31 However, after the 
energies have dropped below the masses of the z = 1 heavy matter, one can integrate it out, and a 
rescaling (now only within the MSSM sector) becomes possible. 

3 Anomaly-free Dirac-DGSs 

Compared with Refs. [2Tll22j . we have added three right-handed neutrinos AT to the light particle content. 
Analogously to [22] we now discuss the resulting discrete anomaly conditions, i.e. Eqs. (|2. 10112. 12)) . Note 
that in a scenario with light right-handed neutrinos the parameter m remains unconstrained; so regardless 
of what the values for Nf and Nh are, it can take all N values r7i = 0, 1,...,A^— 1. Restricting ourselves 
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to Nf = 3 and Nh = 1, we get 



-3n = N-Z, (3.1) 

~2n-3p = N-Z, (3.2) 

N 

3m ~ ISn ^ Sp + 3Cjr = N ■ Z + — ■ Z , (3.3) 



which can be hnearly combined to give 3n = iV • Z, 3p - n = N ■ Z and - 2 x ((O)) - 3 x (131]) ] 

3(to + p + Cat) = ^ ■ ^ + ^7 f • If Cat = we recover Eqs. (2.21-2.23) of Ref. [22]; plugging in 

Qj^ — —m + n + p , i.e. considering the case with three A/" (which from the viewpoint of the discrete 
anomaly conditions could have Majorana mass terms if (jj- — 0, N/2), yields 

3n = N -Z , (3.4) 

3p-n = N -Z , (3.5) 
N 

6p + 3n = N -Z + Tj — - Z . (3.6) 



The calculation of 3 x (13. 4p + 4 x (j3.5p — 2 x p.6[) leads to the condition — n = N - Z which reveals that 
n ~ 0, thus rendering Eq. (j3.4p trivial. Interestingly enough, this is exactly the condition for having 
the bilinear term H^Hu allowed by the discrete symmetry, since zh^h„ = n, see Eq. (j2.7p . 5*0 without 
demanding it, the fi-term emerges automatically due to anomaly considerations, unlike in Refs. [211 122] . 
From Eq. (|3.5p we now obtain 

3p = N-Z . (3.7) 

Only in those cases where iV is a multiple of three, p can take a non-trivial value. However, there exist 
non-trivial DGSs also with p = 0, taking e.g. m = N/2 gives Mp. 

With right-handed neutrinos, all anomaly-free DGSs can now be classified by the set of integers 
{N;m,n,p) = {N;m,0,p), with the constraint of Eq. (|3.7p . In contrast to Ref. a Majorana mass 
term A/W is not imposed here. As this term has discrete charge 2{p — m), it is allowed only if either 
(p = A TO = ^), (p = f A TO = f , ^) or (p = 2^ A TO = ^, f ); of course, N must be divisible by 
2 and/or 3. The classification of the DGSs in terms of the values of N is shown in Table [31 The cases 
allowing for the Majorana mass term J\fJ\f are listed explicitly and correspond to Mp, B3 and Pg only. 
In order to comply with our requirement of having pure Dirac neutrinos, see Item 1221 we discard these 
solutions of the anomaly conditions. All other cases, however, yield new anomaly-free DGSs, which we 
will call Dirac-DGSs. The Z^r-symmetries up to iV = 6 are given in Table [31 just to list a few. Thus, 
excluding 1.) {Mp, B3, Pq}, 2.) rescalings like (6; 0,0, 2) — (3; 0,0, 1) as well as 3.) double counting like 
(3; 0,0, 1) = (3; 0,0, 2) [{N;m,0,p), {N; N — m,0, N — p) and {a- N;a-m,0,a-p), with a being a positive 
integer, give the same DGS, for the latter see Item [14], we have many Dirac-DGSs|l also with N < 6^ 

• 



three trialities: (3; 0,0,1), (3; 1,0,0), (3; 1,0, 2) , 
one tetrality: (4; 1, 0, 0) , 
two pentalities: (5; 1,0,0) , (5; 2, 0,0) , 

• three hcxalities: (6; 1,0,0), (6; 1,0, 2), (6; 3, 0,2) . 
Beyond Table [4] we easily also find 

• three heptalities: (7; 1,0,0), (7; 2, 0,0), (7; 3, 0,0) , 

• two octalities: (8; 1,0,0), (8; 3, 0,0) , 

® Having taken rescaling already into account, why is the number of DGSs in the case without Dirac neutrinos three and 
in the case with Dirac neutrinos 00? With Majorana neutrinos, the possibihty of rescahng the discrete charges leads to a 
finite number of distinct DGSs 1221 . But allowing for Dirac neutrinos, the parameter m is not constrained at all, therefore 
the choice of N being an arbitrary prime number always leads to non-trivial Dirac-DGSs. 

'^Like the numerical syllables in 4riality and /legality, we shall stick to Greek rather than Latin. Otherwise we would 
have e.g. tertiality, quartality, quintality, sextality and septality. 
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(217V) 


-(2|W) 


(3\N) 


N = G, 12, 18,24, ... 

m = =^ trivial 
p = m = N/2 => Mp and BA/JV" 
else new uIjo j\ ) 


TV = 3, 9, 15, 21,27,... 

772 = =^ trivial 
^ " else "new" DGS (^JIaF) 


m = N/3 =^ Bz and 3AW 
p = N/3 m = 5N/6 =^ Pq and Bj/W 
eise new u^^o i^^yvyv j 


m = N/3 Bi and 
^ ' else "new" DGS {^AfM) 


, m = 2N/3 Bs and 3AW 
^ / else ^ "new" DGS (^ATTV") 


m = 2Ar/3 ^ and 3AW 
"^"Z m = N/6 Pe and 3JJ77 
else "new" DGS {^7777) 




TV = 2, 4, 8, 10, 14, 16, 20, 22, 26, ... 

m = trivial 
p = m = Af/2 ^ Mp and 3AW 
else =^ "new" DGS (^ATIA?') 


Af = 5,7, 11,13, 17, 19,23,25, ... 

m = trivial 
^ " else ^ "new" DGS {^JUF) 



Table 3: Classifying the anomaly-free DGSs with right-handed neutrinos in terms of the value for A''. 
^{2\N) and ^(3|iV) denotes that N is not an integer multiple of 2 and 3, respectively. Note that the 
treatment in this section is more general than the one in Rcf. 22j; "without Dirac neutrinos" is so-to- 
speak a special case of "with Dirac neutrinos" , see also Table [5] (no Dirac neutrinos means "not Case 3" , 
so Cases 1 and 2 remain, both with and without right-handed neutrinos A/Maj)- 

• continuing to, say, N = 14, there are (all distinct) nine 9-alitics, two 10-alities, five 11-alities, eight 
12-alities, six 13-alities, three 14-alities, see also the Table in Appendix [Fl 

Before the discussion of the physical implications of the Dirac-DGSs, some comments concerning the 
purely Abelian anomaly conditions are in order. 

• As observed in Ref. p2] and Item[T9l the anomaly coefficients Ayyx and Ayxx do not pose useful 
constraints on the DGSs because the hypercharges of heavy Dirac particles could be fractional; this 
statement holds true for Dirac-DGSs as well. 

• On the other hand, in Ref. |22| Axxx contained information about whether or not fractionally 
X-charged exotic matter has to be assumed for a given DGS. This is not the case for Dirac-DGSs 
as we will sketch in the following. It was shown in Ref. [22] that the cubic anomaly condition 
Axxx = can be written as zf — RHS, with the Zi denoting the discrete charges of the 
particles in the AT-I-SSM sector. The RHS can take on only certain values depending on N, cf. 
[12]'s Eqs. (A.3,A.4): 



RHS 




{2\N) A -(4|7V) 


m) 


-(3|iV) 


N -Z 


f-Z 


N -Z 


(3|7V) 


3N -Z 


3f -Z 


SN -Z 



These possible values for the RHS must be compared to the sum over zf, which we can express in 
terms of the parameters (m, n,p). In contrast to [22j . we now have to include the three right-handed 
neutrinos with discrete charge {p -\- n — m); this simplifies the resulting expression, see Eq. (A.l) 
of [22], considerably. Inserting n = 0, a necessity for all Dirac-DGSs, we getj^i = ISm^p, 
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N 


m 


71 


V 


DGS 


1 


1 








Afp (not a Dirac-DGS) 


3 











trivial 










1 


"new" 










2 


same as 2nd 




1 








" new" 




1 





1 


B3 (not a Dirac-DGS) 




1 





2 


" new" 




2 








same as 4th 




2 





1 


same as 6th 




2 





2 


same as 5th 


4 











trivial 




1 








" new" 




2 








A/p (not a Dirac-DGS) 




3 








same as 2nd 


5 











trivial 




1 








" new" 




2 








"new" 




3 








same as 3rd 




4 








same as 2nd 


6 











trivial 










2 


same as (3;0,0,1) 










4 


same as 2nd 




1 








"new" 




1 





2 


" new" 




1 





4 


Pa (not a Dirac-DGS) 




2 








same as (3;1,0,0) 




2 





2 


B3 (not a Dirac-DGS) 




2 





4 


same as (3;1,0,2) 




3 








A/p (not a Dirac-DGS) 




3 





2 


" new" 




3 





4 


same as 11th 




4 








same as 7th 




4 





2 


same as 9th 




4 





4 


same as 8th 




5 








same as 4th 




5 





2 


same as 6th 




5 





4 


same as 5th 



Table 4: The easiest ZAr-symmetries. The comment "same as xth" means that the symmetry is equivalent 
to the one in the xth line of the symmetries with identical N . 

which, due to Eq. (|3.7[) . is always an integer multiple of 6m^N. The RHS can match this value 
for all possible values of N. One therefore does not have to rely on fractionally X-charged heavy 
particles in order to meet the cubic anomaly condition. In this respect, Axxx does not constrain 
the Dirac-DGSs. 

4 The physics of Dirac-DGSs 

In order to discuss the physical implications of the Dirac-DGSs, we investigate which lepton and/or 
baryon number violating operators are allowed for these new symmetries. As mentioned in Section [H 
many of these operators come together with other operators if one assumes the presence of the MSSM 
superpotential terms, see Eq. (jl.2p . Even though the fi-term is initially not required, it arises automat- 
ically for Dirac-DGSs due to anomaly considerations. Therefore, the classification of the lepton and/or 
baryon number violating operators up to dimension five given in Eq. (|1.2p applies to the Dirac-DGSs as 
well. 

However, in the Dirac case, there is a new particle, the right-handed neutrino 17 with nicpton ^1, 
which leads to additional SM invariant terms. We have to determine these new operators and group 
them together depending on their discrete charges: If, under a specific DGS {N; m, 0,p), one term has for 
example discrete charge p and another has charge —p, then both operators are simultaneously forbidden 
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{p 7^ 0) or allowed {p = 0). The resulting sets of operators up to dimension five are, see Appendix [Xl 



LHuJf ^ [lh,J7, LLEN, QLDN^ , 
QLD ^ jF, HdHjJ", QHaDAf, QHjJAf, LHiMI, LHjJJf} , 

QQQL ^ [UDDN^ , (4.1) 



The second, third and fourth line generalize Lines 1, 4 and 3 of Eq. ()1.2|) . The terms in the first line do 
not violate lepton or baryon number and are, by definition [see Eq. ()2.6|) ]. always allowed by Dirac-DGSs. 
We therefore focus on the remaining sets. Taking into account also the operators of Eq. (II. 2|) . we obtain 
six sets of niopton" and/or riquark-violating operators, which can be represented by the terms 

QLD, LHuLHu, UDD, QQQL, NNN , NNNN . (4.2) 

Since our focus is to classify the Dirac-DGSs, i.e. those which forbid the Majorana mass term A/W, 
the QLD-set (9 J7) and the LHuLHu-set (9 JUf) are never allowed by Dirac-DGSs. Comparinnwith 
Table[l\ shows that Dirac-DGSs can never be baryon N-alities, but only matter or lepton N-alities^ Let 
us therefore discuss the remaining four sets in turn. 



• UDD: Under the general Dirac-DGS {N; m,0,p), the discrete charge of these operators is ±m. They 
are thus present in theories where the DGS has m = 0. With Eq. p.7p these are (A^; 0, 0, A^ • Z/3), 
leading to lepton triality (3; 0,0,1) as the only possibility after rescaling. All other Dirac-DGSs 



forbid UDD and its accompanying operators, cf. Eq. (II. 2p : they are therefore all matter N-alities. 

• QQQL: The discrete charge for this set of operators is given by =Fp. They are therefore present in 
all Z^r-symmetries with N ^ S-Z, [see Eq. (|3.7p ] as well as in those symmetries with A = 3 • Z and 
p = 0. 

• AfJVJV: This cubic operator carries charge 3{p — m). Due to Eq. p.7p . this is equivalent to the 
discrete (mod A) charge 3m. Hence, 777777 is allowed only if m = ^ • Z. This together with 
p = ■ shows that the cubic term arises only for Za-symmetries. 



NNNN: Here we obtain the discrete charge A{p — m). To find the Dirac-DGSs that allow this 
quartic term, we multiply the corresponding condition A{p — m)=N -Jj by three and apply Eq. p.7p : 

A -'dp - 12m = 3A • Z , =^ 12m = A • Z . 

=AN-1 

Depending on whether A^ is divisible by 2, 3 and/or 4, we get the conditions 

A-Z' 



P e {Q 
0, 



3 

N-1 N-Z N-Z N-Z N-Z 
2 ' 3 ' 4 ' 6 ' 12 



After rescaling, the only ZAr-symmetries that have the potential to allow the term NNNN are 
those with A^ — 2,3,4,6,12. However, excluding Mp, B3 and Pe, one can show explicitly that, of 
the remaining 0-|-3-)-l-|-3-f8 possible Dirac-DGSs, only three symmetries allow this quartic term: 
(4; 1,0,0), (12; 1,0, 4) and (12; 5, 0,8), see also Appendix|F] 

^It is easy to check which type of A^-ahty one obtains from a given parameter set {N;m.,n,p). Using Eq. 1 12. 7| I. the 
discrete charges of QLD and UDD are given as Zq^tj = m — 2n — p and zjjjyjy = m — 2n, respectively. With Table [Tl we 
find that baryon A^-alities require [zjjjjjy ^ A Zq^tj = 0]i lepton A''-alities must have [ z ^j, j, = A Zqijj; 7^ 0], and 
matter A^-alities need [ ^ uuD 7^ A Zq^-q 7^ 0]. 
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operators 
within a set 


UDD 
QQQHd 

QQD^ 


QQQL 






UUDE 
UDDN 


Mj\fj\f 




discrete 
charge 




TP 


3(p — m) 


4(p — m) 


Dirac-DGSs 
iN;m,0,p) 
which aUow 
these terms 


(3; 0,0,1) 


all Zat 
with N ^i-Z 


(3; 0,0, 1) 
(3; 1,0,0) 
(3; 1,0,2) 


(4; 1,0,0) 
(12; 1,0,4) 
(12;5,0,8) 


those Ztv 
with TV = 3 • Z 
and p = Q 



Table 5: The lepton and/or baryon number violating operators occurring with Dirac-DGSs. The discrete 
charges of the operators are given as well as the symmetries that allow these terms. 

Table [5] summarizes all lepton and/or baryon number violating operators that can possibly occur in Dirac- 
DGSs. We list all operators contained in the sets explicitly using Eqs. (|1.2l4.ip . The discrete charges 
of the operators are given as well as the DGSs which allow their presence in the theory. Interestingly, 
QQQL and its "friends" are allowed for every Z^r-symmetry with N not being a multiple of three; with 
respect to proton-decay, these Dirac-DGSs therefore experience the same shortcoming as Mp. In order 
to get rid of the QQQL and thus stabilize the proton, we must demand symmetries where TV = 3 • Z and 
p = ^, ^j^g gj.g^ l^gjj^g (3-0,0,1), (3; 1,0, 2), (6; 1,0, 2), (6; 3, 0,2). A list of aU Zjv-symmetries up to 
N = 14, showing explicitly the allowed lepton and/or baryon number violating operators, can be found 
in Appendix [Fl For the sake of completeness, we also include Mp, and Pg in this list. 

5 GUT compatibility 

In this section we analyze the compatibility of the Zjv-symmetries with various grand unified theories 
(GUTs)I!| Our starting assumption is that the gauge structure of the theory includes U{l)x x Ggut 
where Gqut is the gauge group of the chosen GUT, and the U{\)x factor generates the low-energy 
discrete svmmetrvr"! We therefore get Z^r x Ggut- This structure constrains the possible Zjv- 
symmetries because it requires all the fields of one Gqut multiplet to have the same discrete charge. 
Note however that it is well possible to have a GUT-compatiblc DGS arising from a GUT-incompatible 
U{l)x', for an example see Section [Sj From the low-energy point of view, the discrete charges are not 
uniquely fixed for a specific DGS given in terms of (iV; m, n,p). This ambiguity is parameterized by the 
integer r = 0, A'' — 1 in Eq. (|2.7p and can be exploited to find GUT compatible DGSs. 

In the following, we discuss the constraints on the discrete charges for various GUT (-like) scenarios 
and their implication for the (non-)existence of the lepton and baryon number violating operators in the 
set QQQL, see Table [SJ 

• 50(10): The 16 of 5*0(10) contains all quarks and leptons [48]. Therefore this GUT group requires 
^ -^U = -^1/ = = -^"e ^ ^77- Imposing these relations on Eq. (|2.7p and setting n — 0, 
we arrive at the necessary conditions for a GUT compatible Dirac-DGS 

p = 0, m + r = mod , 4r = mod A^ . (5.1) 

®A similar analysis in which the Z]v<i2-symmetry is required to have Mp as a subgroup can be found in Ref. | 47| . 
^"We point out that this is a simplifying assumption, since additional U(l)' factors can arise when Ggut breaks down 
to the Standard Model gauge group Gsm, e.g. 50(10) SU{b) X [/(!)' SU{3)c X SU{2)w x U{1)y x 1/(1)'. In such 
a scenario, a combination of this U{1)' with the U{l)x could be responsible for the emergence of the discrete symmetry. 
Here we shall however assume that the origin of the DGS is independent of the GUT gauge group. 
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Since p — 0, the operators in the set QQQL are always allowed. Note that this statement does 
not depend on the constraints of the anomaly conditions but only on the presence of the /z-term 
(n = 0). After rescaling, there are actually only two ZTv-symmetries {N]m,n,p]r) which are 
50(10) compatible: (2;1,0,0;1) = Mp' (not a Dirac-DGS), cf. Table [H as well as (4; 1,0,0; 3), 
cf. Sect. [S] Note that S'O(IO) compatible Zjy-symmetries are, of course, also compatible with the 
following GUTs. 

• Georgi-Glashow ^{/(S) [with a possible extra J7(l)'-factor with charges — 1, 3, — 1, 3, — 1, — 5, — 2, 2 

for the supcrficlds Q, D, U, L, E, J\f, Hd, H^]'- Here, the 10 decomposes into Q,U,E, and the 5 
into D, L; the right-handed neutrino 77 lives in a singlet of SU{5) [49]. So zq = zjj = z-g-, z-jj — z^, 
leads to the conditions 

p = 0, m + 5r = mod TV . (5.2) 

Again, the QQQL-set is always allowed in this case. The SU{5) compatibility of all Zjv-symmetries 
up to = 14 is shown in Appendix |F1 stating explicitly the required values for r. It is easy to see 
that there exist infinitely many such DGSs: Consider for instance {N;N — 5,0,0; 1) and A^ being 
prime; then no rescaling is possible, so that there are at least as many SU{5) DGSs as there are 
prime numbers. 

• Flipped SU{5) X U{1)" [the U{1)" factor with charges -1,-1, 3, 3, -5,-1, 2, -2]: The embedding 
of the particles into the multiplets of flipped SU{5) is similar to Georgi-Glashow SU{5): One simply 
switches "up" and "down" for the SU{2)w singlets. Thus we have 10 ^ Q.DjJ and 5 ^ J7, L; 
the right-handed electron E is in the singlet representation of SU{5) and is charged only under 
17(1)", see Ref. [50] and also Refs. [5Tl[52j. This yields zq = z-jj= zjj-, zjj — zl leading to 

p = 0, m + r = mod A^ . (5-3) 

Also in this case, QQQL cannot be forbidden by a DGS. As with S'C/(5), there is an infinite number 
of flipped SU (5) compatible DGSs. 

• Pati-Salam [5J7(4) x SU{2)w x 5[/(2)ij]: The (4, 2, 1) representation contains the fields Q, L, while 
the (4, 1, 2) decomposes into I? , C7, AT p] . [SU{i)c comes from S'C/(4), while U{1)y stems from 
SU{A) X SU{2)r .] Hence zq — zl, z-jy — zjj = z-j^ ~ zjj-, and then 

p + Ar = mod A^ , 2m + 6r = mod A^ . (5.4) 

As p is not automatically zero, the operators in the set QQQL can be forbidden by Pati-Salam 
compatible Z^v-symmetries. Actually, there are only four DGSs which allow QQQL, namely 
(2;1,0,0;0) = Mp, (2;1,0,0;1) = Mp (both not Dirac-DGSs), and (4;1,0,0;1), (4; 1,0,0; 3); all 
other Pati-Salam Z^v-symmetries forbid the operators of the set QQQL. 

Interestingly, the number of such DGSs is finite. We have just stated that with p — 0, i.e. allowing 
QQQL, there are only two Dirac-DGSs. Let us therefore consider p — ^. Multiplying the first con- 
dition of Eq. (|5.4p by three and the second by two, we get A^ -I- 12r — 3aN , 4m -I- 12r = 2bN, with 
unspecified integers a, b. Subtracting the first equation from the second and solving for m yields 

A^ 

m = (26- 3a-H 1) • — . (5.5) 

In the case of A' not being a multiple of 4, the parameters a and 6 have to be chosen such that m 
is an integer. P — ^ and Eq. (|5.5p give rise to DGSs of the form (we neglect the value for r) 

A^ A^ 
A^; (26-3a-f 1)-- , 0, y 

A^ A^ A^ 

12-— ; 3(26-3a-l-l)-— , , 4- — 
12 ' ^ ' 12 ' ' 12 

12 ; 3(26- 3a + 1) , , 4 
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In the last step we have rescaled all parameters with the common factor , which, in general, need 
not be an integer. Further rescaling might be possible, depending on the values of a and b. For 
p — ^ we obtain a similar result. This shows that Pati-Salam compatible Zjv-symmetries are only 
possible for N < 12. Explicit counting yields 9 such Dirac-DGSs, of which 9 — 2 = 7 forbid QQQL. 

Summarizing the above results, we have one 50(10), an infinite number of (flipped) SU{5) and nine 
Pati-Salam compatible Dirac-DGSs. The GUT compatibility of all Zjv-symmetries with < 14 is given 
in Appendix IfI Almost all of them allow the operators of the set QQQL; in order to have proton-decay 
at an experimentally acceptable rate it is thus necessary to suppress the term QQQL in these scenarios. 
Only seven Pati-Salam compatible DGSs forbid the set QQQL. In Appendix iFl we also give the other 
allowed sets of lepton and/or baryon number violating operators discussed in Section 31 

6 An example 

To illustrate how a Dirac-DGS arises from a U{l)x gauge symmetry, and how distinct theories can be 
related by a hypercharge shift, and how these related theories give rise to different GUT-compatibilities, 
we consider three different sets of C/(l)x-charges to begin with: 



Model/Charges 


Xq 






Xl 






Xh^ 


Xh^ 


1 





-3 


3 





-3 


3 


3 


-3 


2 


3 


3 


-9 


-9 


15 


3 


-6 


6 


3 


1 


-1 


-1 


-3 


3 


3 









These three sets are all free of anomalies and mutually related by F-shiftsf^ We assume a vectorlike pair 
of j4-fields: Xai — —4, Xa2 — 4. Then, after C/(l)js:-symmetry breaking, we get a Z4-symmetry which 
might be called matter tetrality M4 = (4; 1, 0, 0): 



Model/Charges 








ZL 










1 





1 


3 





1 


3 


3 


1 


2 


3 


3 


3 


3 


3 


3 


2 


2 


3 


1 


3 


3 


1 


3 


3 









Therefore, the second model (r — 3) is compatible with 50(10) and the last one [r = 1) is compatible 
with Pati-Salam, at least on the discrete level [but not on the U{l)x-^eve\]. See also Appendix [Fl 

7 Conclusion 

When supersymmetrizing the SM, the introduction of a DS to avoid exotic processes is highly desirable. 
Such a DS is supposedly the remnant of a U{1) broken at high energies. Assuming that the experimentally 
observed neutrinos are Majorana-type, only three ZAr-symmetries for the MSSM sector are possible: Mp, 
B3 and Pq. Allowing, however, for purely Dirac-type neutrinos (experimentally still possible), an infinite 
number of non-equivalent discrete anomaly-free Zjv-symmetries is conceivable for the MSSM-t-A/". The 
existence of the /x-term is a consequence, not an input, unlike for the three above-mentioned DGSs. 

Up to = 14, we have hsted all possible DGSs in Appendix [Fl "decodable" with Eq. (|2.7|) . Some of 
them are compatible with a GUT-scenario in the sense that the discrete charges are consistent with the 
direct product Zat xGqut- Those DGSs going along with 50(10), 5C/(5) and flipped SU{5) automatically 
allow for the QQQL-set superpotential operators. 



"In fact, they can be calculated from Eq. (8.5) of Ref. [22] with Ci = 1 and C2 = -1, 2, 0. 
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Analogously to Table [5] and in addition to the three Dirac-DGSs in Sect. [HI we have collected here 
five especially interesting Dirac-DGSs out of the many in Appendix |F) We show the explicit charge 
assignments for all !Z7v<6-synimetries (iV; m, n,p; r) which forbid QQQL. The two trialities can be named 
unambiguously according to the classification in Table [TF^ When Pati-Salam compatible for a specific 
value for r, we give the discrete charges for these cases. Within the MSSM-sector, all but the first are 
as powerful as the aggressive Pq in Tabled Regarding the three Majorana-DGSs, i.e. Mp, B^, and Pg, 
GUT compatibility and the absence of QQQL mutually exclude each other. 



Dirac-DGS 


N 








ZL 










comment 


lepton triality L3" 
(3;0,0,1;2) 


3 


2 


1 


1 


2 


1 


1 








the only lepton A^-ality, 
allows UDD and JVNN, 
Pati-Salam compatible due to r = 2 


matter triality M3 


3 





1 


2 


1 





1 


2 


1 


allows MMM 


(3;1,0,2; e.g. 0) 








no ^ up to dim- 5 


(6; 1,0, 2; e.g. 0) 


6 





1 


5 


4 


3 


1 


5 


1 


no ^ and ^ up to dim-5 


(6; 3,0, 2; 1) 


6 


1 


5 


5 


1 


5 


5 








no ^ and ^ up to dim-5, 
Pati-Salam compatible due to r = 1 


(6; 3, 0,2; 4) 


6 


4 


5 


5 


4 


5 


5 


3 


3 


no and ^ up to dim-5, 
Pati-Salam compatible due to r = 4 
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Appendix 

A Sets of operators 

Requiring the existence of the superpotential terms in Eq. (jl.ip one finds that the lepton and/or baryon 
number violating operators are allowed/forbidden in sets. This can be shown by rearranging products 
of superfields. In the following, operators in parentheses are allowed by definition, see Eq. p.ip . Then 
the remaining terms always come in pairs, proving that both are simultaneously either present or absent. 
Occasionally, we artificially insert the product of a field and its complex conjugate, which is trivially 
invariant under a DGS. So e.g. the existence of QLD and necessarily LH^E then requires the existence 
of LLE: 

QLD ■ [LHdE) - LLE ■ [QHaD) . (A.l) 

Among the four anomaly-free trialities in the table of Appendix [F] three forbid QQQL and are hence particularly 
interesting: The Majorana-DGS baryon triality B3 = (3; 1, 0, 1) as well as the two Dirac-DGSs lepton triality L3 = (3; 0, 0, 1) 
and matter triality = (3; 1, 0, 2). Since all four anomaly-free Zg-symmetries are matter 7V-alities, we refrain from naming 
the three Dirac-DGSs; the remaining Majorana-DGS is already called proton hexality. 
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In the same manner one finds 

QLD ■ {HdHu) ^ LHu ■ {QH^D) , 

iQHdD) ■ [QHjj) ■ (LHdE) ^ QUEHa ■ QLD ■ (HdHu) , 

QLD ■ {HdHuf ^ LHuHdHu ■ (QHaD) , 

(QHdD) ■ {QHjJ) ■ (L^L) ~ QUL^ ■ QLD ■ (HaH^) , 

[QHdD) ■ [LHdE) ■ (hJHu) ^ EHaHj ■ QLD ■ [HaHu) , 

{QH,JJ) ■ (LHdE) ■ 0D) ^ UED^ ■ QLD ■ (HaHu) , (A.2) 
justifying tlie first in Eq. (|1.2p . Likewise 

{QHdDf ■ {QHJJ) ^ QQQHd ■ UDD ■ , 

(QHdD) ■ (QHjJ) ■ (D^D) ^ QQD^ ■ UDD ■ {HaH.,) ; (A.3) 



(QHdD) ■ {QHuUy ■ {LHdE) ^ UUDE ■ QQQL ■ {HdHuY ■ (A.4) 

Introducing the right-handed neutrino J\f and demanding the interaction LHuJ^, one can similarly prove 
the groups of operators given in Eq. ()4.1|) . 



LHuN" ■ (LHdE) ^ LLEN ■ {HdH^) , 

LHJJ ■ iQHdD) ~ QLmr ■ ; (A.5) 

{QHdD) ■ (LHuW) - AT • QLD ■ (HdHu) ; (A.6) 



(LHuAf) ■ (LHuAf) ~ LHuLH^ ■ NN ; (A.7) 



{QHdDY ■ [QHuU) ■ (LHuAf) ~ UDDAf ■ QQQL ■ [HdHuY . (A.8) 

B The first seven steps of the top-down Ust in Sect. [2] 

Our starting point is an SU{i)c x SU{2)\y x U{\)y' x [/(l)jf/-invariant four-dimensional theory in which 
the dilaton S has not yet acquired a vacuum expectation value (VEV). Among others, there is the _F-term 

\S ( Wx' Wy )-K'-(^ ^,withK'beinga2x2matrix,andthe£i-terms^e2(^^'^'*+^v"'i"-i>)^^ 
and -^IniS + S - X'sVx' -Y'sVy). 

1. K' has to be positive-definite, and it may be taken symmetric. Thus 

'siWx- Wr,).( tll)-(Zz). (B.l) 



4 ^ ' \ k'i2 k'22 J \ Wy ^ 

2. Next we perform an orthogonal transformation to diagonalize K' . This mixes Wx' and Wy (and 
equivalently Vx' and Vy) as well as, for a given field <P, its charges X'<i, and Y'<i,. 

K' ^ K=( ''^ V (B.2) 



Y 



Thus there is no kinetic mixing anymore between U{l)x and U{1)y. This diagonalization is spoiled 
by the renormalization group evolution; however, the resulting effects are small. kx,kY are called 
the pseudo Kac-Moody levels of U{l)x and U{1)y- 
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At this point, one might ask the question: What are the conditions on the original X'- and Y'- 
charges such that after a rotation (hke in Items I^TT)) the X-charges may be generation- depcTideni 
whereas the y-charges are generation-mrfependent? We have 



Vx' 
Vy' 



Vx 
Vy 



cos 7 
sin 7 



- sm7 
cos 7 



Vx' 
Vy' 



7 is of course determined by demanding the K' matrix to be diagonaUzed (or, in Itcm[7l that Ys 
is rotated away). This rotation gives 



■^^2{x'^v^,+y'^Vy,)^ ^ ^g2[(cos7 • X'^ - sin 7 • Y' ^) yx + (sin7 • X' ^ + C0S7 • Y'.p) w] ^ ^ 

Now demand the resulting K-charges to be generation-independent. Then, 6.17. Yqi = Yqj, leads to 

sin 7 • X' Qi + cos 7 • Y' Qi = sin7 • X' -f cos 7 • Y' qj , 
so that the original y-charges have to fulfill Y'qj = Y'q, + {X'gi — X' Qi ) ■ tan 7. 

3. Having diagonalized we investigate the effects of a combined U{\)x x U{\)y gauge-transformation 
(performed e.g. to prevent Goldstone bosons), i.e. the effects of 



Vx,Y 

S 



1 

Vx,Y — 7:(Ax,y - 



A 



X,Y) 



S - -XsAx 



Y ■ 



(B.3) 



(B.4) 



Here, the gauge transformation is parameterized by Ax^y- The real- valued quantity denoted as Xs 
is usually written as Sq^. 

(a) Eq. (jB.Sp causes anomalies (as for the vanishing kinetic mixing terms, there are no mixed 
terms like WxWy) 



327r2 



FcFc + A 



wwx 



FwFw + AyyxFyFy + AxxxFxFx 



(B.5) 



and the same with the replacements Ax Ay, A..x ^ A..y, plus the anomalies with gravita- 
tion, with e.g. Aggx = Trace Tx = ^X^i^i- The Xx,y are the scalar components of Ajc^y, 
and the Aabc — Trace[{T°, T^} • T^] are the anomaly coefficients. The gauge group generators 
T"^ are assumed to be according to the standard GUT-convention, so that e.g. 



Nj 



Accx = I Y.{2Xq. +Xjjr + Xj^) + A^^^ 



nd MSSM 
CCX 



(B.I 



where Nf is the number of families, 
(b) Eq. jRH) together with Eqs. (|B.1IB.2|) gives 



--{XsAx+YsAy) ( Wx Wy 



which produces 
1 

~ 16 



kx 

fcy 



Wx 
Wy 



\x Xs(kcFcFc + kwFwFw + UyFyFy + kxFxFx 



(B.7) 



and the same with the replacements \x Ay, Xs ^ Ys plus the shifts with gravitation. 
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4. The anomalies are required to be canceled by the dilaton-shifts, i.e. Items [3^) andEb) mutually 
eliminate each other; this is the four-dimensional version of the Green-Schwarz mechanism |54] . see 
also |55j . Thus it is ensured that the theory is gauge- invariant, i.e. one demands the following 
anomaly conditions, see e.g. Refs. [56l [57l [58] , (and the same for X Y) 

2tt^Xs — "^^^^ — -^^^^ _ -A-ccx _ Awwx _ Aggx ^-g 
kx ky kc kw 12 

5. We let the dilaton acquire a VEV, S S + (S). So: 

• -^\ii{S + S - XsVx - YsVy) gives, with being small, -i ln(23?[(S')]) - 
(S + S- XsVx - rsH')/(45R[(5)]), producing an effective D-term 2^xVx + 2^y Vr with 

" 83?[(5)] ' 85R[(5)] ■ ^ ' ' 

This is the Dine-Seiberg- Wen- Witten- mechanism [59l [60l [611 [62] . 

• From, e.g. jkcSWcWc, we obtain the gauge kinetic terms and thus the gauge coupling 
constants. Using standard GUT-conventions and identifying 2kc^[{S)]—2 / gc"^ , we find, with 

gstru^g = l/^2^[{S)l 

9C^C = 9wkw = gyky = gxkx = 2gstring^ ■ (B.IO) 

2 X 

From Eqs. (jB.8IB.9[) and the relation above one finds that e.g. £,x = *""iq2tt^^ — '■ 

6. Now that 5 has undergone the gauge shift (Item [3]) and having acquired a VEV (Item [5]), we soak 
up the constant coefficient of the W,,W,,,, so that, e.g., WcWc produces the kinetic term jFcFc 
rather than j^FcFc. Item [2] and Item [6] together are called the 'canonicalization of the kinetic 
terms of Vc'- 

7. Next, we perform yet another orthogonal transformation which leaves the freshly canonicalized 
kinetic terms invariant. This transformation rotates away Ys, thus rendering U{1)y non- anomalous; 
so now we have Axxy — 0, also written as Ayxx = 0, and Accy = Awwv — Ayyy — Aggy ~ 0. 



C The X-charge of the "effective 21" 

In the following, we discuss the scenario with two A-type particles Ai {i — 1,2). For simplicity, we assume 
that their charges Xa^ are positive integers; the generalization to negative X-charges is straightforward. 
After the breakdown of U{l)x the effective operators in the Lagrangian can only have an overall X-charge 
of the form 

-'^total = — fli • Xai — 0,2 ■ , (C-1) 

with flj G N for superpotential terms and a.i e Z for Kahlcr potential terms. Notice that, in principle, 
operators in the Kahler potential can be converted to effective operators in the superpotential via the 
Giudice-Masiero/Kim-Nilles mechanism [38] [39]. If the two have a greatest common divisor d, we 
can define new integers XAi = XAjd. With this, Eq. (jC.ip can be rewritten as 

Xtotal = - d-[ai-XAi + 02 • XAa] • (C.2) 

Evidently, Xtotai is a multiple of d. If the square bracket is not restricted to any subset of Z, we will end 
up with a Zrf-symmetry after i7(l)x-breaking. 

The question however remains whether the square bracket can actually take any integer value. To 
answer this, we first decompose x^. into prime factors (}-^^ a'- 

a 

Since xax and xa^. do not have a common divisor, one necessarily has that S^'^ ^ ^ C^^^'/ji for all a, (3. 
Thus the least common multiple of both XAi is just their product xax ■ XA2 ■ If one can obtain any integer 
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within the interval [0, a;^!^ -XAii with an appropriate integer- valued linear combination of the XAi, then 
the square bracket in Eq. (jC.2[) can take any integer value whatsoever. To check this, we consider the 
two linear combinations 

< ai • XAi + 02 • XA2 < XAi ■ XA2 , 
< bi- XAi + 62 • XA2 < XAi ■ XA2 , 

with 02,62 € {0, 1, — 1} and oi,6i G Z such that the linear combinations of xai and XA2 lie 
within the given interval. Assuming 02 7^ 62, we can show that the two linear combinations can never be 
matched within the interval [0, xai ■XA2 [i since oi • xai + 02 ■ XA2 = ■ xai + 62 • XA2 can be rewritten as 

(02 - h2)-XA2 = [bi - ai)-XAi ■ 

The factor (0,2 — 62) must therefore be a multiple of XAn which however is not the case for 02 7^ 62 and 
02, ^2 € {0; Ij ^ !}• Hence, two linear combinations of the form < ai-XAi + ci2-xa2 < xai-xa2 

always yield different values for different 02. Now there are xai different 02- For each 02 one finds XA2 
different possible values for ai such that the linear combination lies within the interval [0, ■ a;^2 [. 
Thus we can obtain xai ■ XA2 different values within the interval [0, xa^ ' XA2 [ by integer- valued linear 
combinations of XAi ■ This finally shows that the square bracket in Eq. (|C.2p can take any integer value. 

Likewise, this argumentation can be applied to cases with any number of C/(l)jf -breaking fields Ai. 
The remnant discrete symmetry is a ^iXal with = d, the greatest common divisor of all X^^. 

D Classification of SM-singlets 

In Refs. pni it was assumed that all non-MSSM particles, including the singlets (see Item [5]), 

are heavy, i.e. two fields must pair up to allow a ZAr-invariant mass term after f7(l)x-breaking. From 
this, one could find some simplifications of the anomaly conditions. If a massive $7 has a trilinear coupling 
with LHu, i.e.. the operator LH^^ is allowed, it is called a Majorana neutrino A/'iviaj- Of course this 
does not exclude other 51s with discrete charges for which LHu^ is forbidden - these ils then do not 
carry lepton number and are hence not to be called "neutrinos" . They can have X-charges which are 
half-odd-integer or integer multiples of N; other charges are not possible since they have to add up to an 
integer multiple of N in order to be heavvF^ Depending on the X-charge of the forbidden term LHuQ, 
there are three mutually exclusive types of non-neutrino Qs: Case 1 has a DGS such that LH^ and 
LHuLHu are both allowed. Case 2 has a DGS such that LH^ is not but LHuLHu is allowed, Case 3 has 
a DGS such that LH^ and LHuLHu are both not allowed; see the first two lines of Columns 2 and 3 of 
Table [HI So in Refs. [IHl HIl 112 the following cases were treated: a) no heavy singlets, b) A/'Maj, cj $, 
d) A/^Maj + e) FMaj', f) d) A^Maj' + h) E, sce also Table E 

The situation becomes even more complex once we admit massless ils (as we necessarily have to do 
in order to deal with Dirac rather than Majorana neutrinos), see Table [6l There could in principle be 
exotic particles which are massless and do not get a mass at least after C/(l)js: -breaking. One would have 
no or only little systematics in solving the discrete gravitation- anomaly condition if ^' and/or F and/or 
O and/or O' existed (see Lines 2,5 and 8 in Table [7|) - of course there are solutions to the equations, 
but they are quite arbitrary, depending on which X-charges one has chosen. Similar to Item [TO] (f), the 
existence of massless SM-neutral particle spoils the predictability of Aggx ■ For that reason we shall not 
admit these particles in our treatment here. [In Ref. 63J, the discrete gravitation-anomaly condition is 
not solved and the singlet particle content is not specify, so that they effectively work with a theory with 
O' and See also Appendix [e1] On the other hand, the analysis of a theory containing Dirac neutrinos 
as well as heavy singlets does not differ from the analysis of Dirac neutrinos alone, so its results can be 
taken over wholesale. 



^^For simplicity we shall exclude cases like two X-charges being 3/7 ■ N and 4/7 ■ N. We assume that all particles within 
one "H-category" have to have the same discrete charge. 
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at" -mt. 


W = int- + 2 


— jf^ int., mt. + 2 


N — 1"'" 


Case 1: il = JJua.} 


Case 2: 17 = 


Case 3: 17 = S 


N ^ ^ 2 


Case 2: = J^uaj' 


Case 1: 17 = $ 


Case 3: 17 = S 


^ ^int.,mt. + i 


Case 3: = A/'Dirac 


Case 3: 17 EE * 


Case 1: 17 = 6, 
Case 2: 17 = 6', 
Case 3: 17 = T 



Table 6: Classification of different 17s, with Case 1 {3LHu, 3LHuLHu), Case 2 {/iLHu, 3LHuLHu), 
Case 3 {^LHu, ^LHuLH^). 



Case 


SM-singlet content 


reference 


1 


A/^Maj, A/^Maj 


treated in Refs. [20l ETJ [22] 




e, $ + 6, ATiviaj + e, ATMaj + e + $ 




2 


ATlMaj', FMaj' 


treated in Refs. [101 HH Hi] 




6', $' + 6' 


examples given in [37l [63] 




A^Maj' + e', ATMaj' + 6' + $' 




3 


A/'Dirac , A/'Dirac + ^ 


treated here 






treated in Refs. [^[^1^ 




r, S + S + r, FDirac + "f, FDirac + T, * + T, 
S + FDirac + r, S + FDirac + S + * + T, 
A/'Dirac + f + r, S + A/'Dirac + * + T 





Table 7: Mutually different theories and which of these are treated here. 



E Case study: a model by Jack, Jones and Wild 

In Ref. [63' one is given a model with a non-anomalous U{l)x (only the mixed anomalies are imposed) 
and four ^-superfields. Explicitly no right-handed neutrinos are assumed, so tacitly the existence of 
fields hke 6' and/or $' (see Appendix [P]) must be assumed to cancel Aggx and Axxx- The model is of 
Case 2, i.e. LHuLHu is allowed but not so Li7„. Their considerations lead to a set of X-charges (note 
that their X-j^ = 62 should read 3143/300 and not 3143/100) with a free parameter Xh^ = /12; if we set 
/i2 — 3a, then a is the parameter of a K-shift. We are now going to extract which discrete symmetry is 
hidden in these X-charges. First we rescale all charges by a factor of 2700 so that they are all integers. 
Now, the As have charges —2700, —2700, —720, —234. The greatest common divisor is 18, hence we have 
a Ills- Then we pick /12 — 2309/900. Examining the resulting charges mod 18 gives 0, 15, 3, 12, 3; 3, 15 
for the fields Q*, -D% C/% i*, E''; Hd, Hu. Finally we re-rescale by a factor of three, giving the discrete 
charges of Pg, see Table [2] 
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F Table of all Zjv-symmetries with AT < 14 

The following table shows all Zjv-symnietries {N; m, n,p) up to = 14, which can be converted into the 
corresponding discrete charges with the help of Eq. (|2.7p . In addition to the Dirac-DGSs, i.e. those which 
forbid the Majorana mass term A/W, we list also the standard DGSs Mp, B3 and Pg for completeness. 
The latter three symmetries allow J\/7\f and thus LHuLHu, resulting in Majorana- type light neutrinos. 
Except for the only baryon A^-ality B3 (which is not a Dirac-DGS), all symmetries forbid the operators 
of the set QLD. Furthermore, except for the only lepton A^-ality L3 = (3; 0,0, 1), all Dirac-DGSs forbid 
UDD and are matter Ai"-alities. Not all DGSs are compatible with a GUT scenario. However, if they 
are, the parameter r in Eq. (|2.7p has to take specific values which are given in the table. Furthermore, 
the sets of lepton and/or baryon number violating operators allowed by the DGSs are marked with the 
symbol /. 





QQQL 


N NN 


NNNN 


GUT-compatibility 


Mp = (2; 1, 0, 0) 








1- = : Pati-Salam 
r = 1 ; SO(IO) 


















— 









L3 = (3; 0. 0, 1) 








r = 2 


Pati-Salam 


(3; 1, 0, 0) 








r = 1 
T = 1 


S(7(5) 

flipped S(7(5) 


M3 = (3; 1, 0, 2) 










M4= (4; 1, 0, 0) 








r = \ 
r = 3 


Pati-Salam 
SO(IO) 


(5; 1, 0, 0) 








r = 4 


flipped SJ7(5) 


(5; 2, 0, 0) 








r = 3 


flipped SJ7(5) 










r = \ 


S[/(5) 

flipped SJ7(5) 


(6; 1,0,2) 










(6; 3,0,2) 








r = 1, 4 : Pati-Salam 


(7; 1,0,0) 








T = A 
r = 6 


SI7(5) 

flipped 5(7(5) 


(7; 2 , 0, 0) 








r = 1 


St/(5) 

flipped 5J7{5) 


(7; 3 , 0, 0) 








r = 4 
r = 5 


flipped 5(7(5) 
SC/(5) 


(S; 1,0,0) 








r = 3 
I- = 7 


SC/(5) 

flipped 5(7(5) 


(S; 3,0,0) 








r — \ 

T- = 5 


SC/(5) 

flipped 5(7(5) 


(9; 1, 0, 0) 








T = 1 

T = a 


5(7(5) 

flipped 5(7(5) 


(9; 1,0,3) 










(9j 1, 0, 6) 










(9; 2 , 0, 0) 








r = 5 ; SI7(5) 

T = T : flipped 5(7(5) 


(9; 2,0,3) 










(9; 2,0,6) 


















r = \ : S(7(5) 

r = 5 : flipped 5f7(5) 


(9; 4, 0, 3) 










(9; 4, 0, 6) 










(10; 1, 0, 0) 








1- = 9 


flipped 5(7(5) 


(10; 3, 0, 0) 








T = T 


flipped 5(7(5) 










r = 2 
I- = 10 


5(7(5) 
: flipped 517(5) 


(11; 2,0,0) 








r = 4 
I- = 9 


St/(5) 

flipped 5(7(5) 


(11; 3, 0, 0) 








r = 6 
r = 8 


5(7(5) 

flipped 5(7(5) 


(11; 4, 0, 0) 








r = 7 
r = S 


flipped 5(7(5) 
St/(5) 


(11; 5, 0, 0) 








I- = 6 
I- = 10 


flipped St/(5) 
: 5(7(5) 


(12; 1, 0, 0) 








r = 7 
r = 11 


5(7(5) 
; flipped 517(5) 


(12; 1, 0, 4) 






J' 




(12; 1, 0, 8) 










(12; 3,0,4) 








r = 5, 11: Pati-Salam 


(12; 3, 0, 8) 








1- = 1 , 7 : Pati-Salam 


(12; 5,0,0) 








r = 7 : flipped S(7(5) 
r = 11 : SU(5) 


(12; 5, 0, 4) 










(12; 5,0,8) 










(13; 1, 0, 0) 








r = 5 
r = 12 


5(7(5) 
: flipped 5t/(5) 


(13; 2,0,0) 








I- = 10 

T = 11 


: 5(7(5) 

; flipped 5t/(5) 


(13; 3,0,0) 








T = 2 : SU{b) 

r = 10 : flipped SC/(5) 


(13; 4, 0, 0) 








r = 7 
I- = 9 


SI7(5) 

flipped 5(7(5) 


(13; 5, 0, 0) 








r = 8 
r = 12 


flipped St/(5) 
; 5(7(5) 


(13; 6,0,0) 








r = 4 : S[/(5) 

r = 7 : flipped 5(7(5) 


(14; 1, 0, 0) 








r = 11 ; S(7(5) 

r = 13 : flipped S(7(5) 


(14; 3, 0, 0) 








r = 5 : S!7{5) 

r = 11 : flipped SU{5) 


(14; 5,0,0) 








I- = 9 ; flipped SI7(5) 
I- = 13 ; SLr(5) 
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